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Introduction

We are concerned with a semi-Markov decision model which has,
hly speaking, the following feature. Some natural process, that
a process in which no decisions are made, can be defined, such

the decisionprocess is the superposition of the natural process
decisions made in certain states of the natural process. The
ntage of the disintegration of the decisionprocess will appear
e sitnated in the calculation of the expected costs incurred be-

n two successive decisions, when the decisionprocess has reached
"steady-state". The ideas underlying this approach are due to
EVE [11].

In section 2 the decisionmodel is defined and under rather weak
itions a formula is found for the long-run average expected cost
unit of time.

This formula is applied on a number of continuous time inventory
ls.

In section 3 we give some preliminary results that will be needed
he analysis of the inventory models.

In section 4 we consider a single item inventory model in which
customers arrive according to a Poisson process. The demands of
customers are mutually independent and identically distributed
om variables with a geometric probability distribution and indepen-
. of the arrival process. Excess demands are lost. The ordering
cy followed is an(s,S) policy of the following type. When no order
mtstanding and the stock level i falls below s, then an order for
units is given; otherwise, no ordering is done. The numbers s and
‘e given integers with s > 1 and S-s+1 > s. The léad time of an
r is a constant T > 0. The costs involved are ordering costs,
mtory costs and lost sales costs. A formula is found for the long-
average cost per unit of time for the (s,S) policy. This formula
rell-known [8] for the case in which the demand per customer equals
urther we consider in section 4 a variant of the (s,S) policy,

‘e the ordering size is fixed.




In section 5 we consider again a single item (s,S) inventory

1 in which the customers arrive according to a Poisson process.
demands of the customers are mutually independent, positive, iden-
lly distributed random variasbles with a discrete probability
ribution and independent of the arrival process. Excess demands
backlogged. The ordering policy followed is an (s,S) policy, which
ased on the ‘stock on hand plus an order. The numbers.s and S are

n integers with s < S. The lead time of an order is a constant

0. The costs involved are ordering costs, inventory costs and
order costs. A formula is found for the long-run average cost per
of time for the (s,S) policy. This formula is known [8] for the
in which the demand per customer equals 1.

Finally,in section 6 we consider a two-item invertory model in

h the customers arrive according to a Poisson process. The demands
he customers are mutually independent, identically distributed

om variables and independent of the arrival process. The probabi-

that a customer demands for one unit of item J is P;s Jg=1, 2,

e pPitpy 1. Excess demands are backlogged. The ordering policy
owed is a (r1,Q1,r2,Q2) policy of the following type. When the

k on hand plus an order of item 1 and item 2 fall to i1 and i2
ectively, and either i1 =r, or i2 =r,, order then simultaneously
1-i1 units of item 1 and r2+Q2-i2 units of item 2, otherwise, do
order. The lead time of an order is a constant T > 0. The costs
lved are ordering costs, inventory costs and backorder costs. A
ule is found for the long-run average cost.per unit of time for
(r1,Q1,r2,Q2) policy. This formula is known for the symmetric case

Pos Ty = Ty Q1 = Q2 and T = 0 [15].

Model and the long-run cost

Suppose that a stochastic process, called the natural process,
be described in the following way. At the times Iy = 0, Tis Tpsees
stem is observed and classified into some state x e¢ X, where X is

ven Borel subset of some complete, separable metric space. It is




med that in_ln—1’ n=1, 2, ..., are mutually independent, positive,
tically distributed random variables with a finite expectation. Let
be the distribution function of 1 -7 . Let x be the state at
—n+1 —™n =n
U Furthers, -it is-assumed that

=x. .. .=T.=t. <1< = P = _ ST =
P{ €A|_)_(_iv Xis T gqL;7b;s 0sisnl P{§n+1eA|_)_cn X5 T I=t )

Zn+1 +1

for every n > 0, Borel subset A of X, x; € X, and t; 20, 0 <i <n.

Pt -Tostlx=x b = F(t), Py -7 <t|x.=x

TS -1t 0<i<n} = F(t)

i* L4
for every n 2 1, x; € X and t; 20, 0 <i <.

Let K(x,t,A) be the probability that X belongs to the Borel

+1

set A of X given that X, =X and £n+1_1n = t., Suppose that

{(x,t,A) F(dt) is well defined and is a stochastic transition

rtion *). Hence the {gn} process constitutes a discrete time Markov
ress, where the times between successive transitions are mutually
;pendent random variables. We note that from renewal theory it

.ows that the number of transitions in any finite time interval is
.te with probability one [5,161].

The following assumption will be essential in our considerations.

mption 1. There exists a non-empty Borel subset Aoof X, such that

for some n > O|x, = x} = 1 for all x € X.

P{}_cn € A Xy

0

We suppose that a cost structure is imposed on the natural process
she following manner. When the natural process makes at time Toer @

1sition to state y, then given that x = x and 1 _,.-T = t a non-
: =n -n+1 —n

ative cost c(x,t,y) is incurred at time Toepr B2 1. A time t = 0

\ real-valued function K(x,A), where x € X and A is a Borel subset
>f X, will be called a stochastic transition function if it has the
following properties: (i) K(x,A) for fixed x determines a probabi-
Lity measure in A; (ii) K(x,A) for fixed A determines a Baire func-
sion in x.

We note that for a metric space the class of the real-valued Baire
Functions coincides with the class of the real-valued Borel functions
(see, for instance, [T]).




osts are incurred in the natural process.
Assume the following functions ko(x) and t.(x) are well defined

are Baire functions. For x ¢ A, we define t.(x) as the expectation

OO O

he length of the time interval between t = 0 and the time at which
natural process takes-on for the first time a state of AO, and we
,ne-ko(x)<as the expected -cost incurred during this time interval,
e x is the state on t = 0. With respect to the costs we take the
, interval right closed. -For-x € Ao'we»define ko(x)-=~to(x) = 0. We
.1 see hereafter-that the functions ko(x) and to(x) will play a
lamental part in-our considerations.

Let us next describe the decisionprocess. Let I be a given Borel

jet of X, such that

1) I_D_AO.

¥(x) be a given function on X with X as range too, such that

¥(x) = x if x ¢ 1
and
¥(x) # I if x e 1.
At the times I5 = 0, LPPEL PP the decisionprocess is observed

clasgified into some state x € X. Let z, be the state at time In

assumptions (a) and (b) with x, replaced by z (see p. 3) are also

>sed on the (gﬂ,gn)fprocess. Hence 1t 1s assumed that En+1 depends
7 onz, and £n+1_£n’ and that In+1_£n 1s 1ndependent of Zos v En’
for +res Tp g

Furthers we suppose that K(y(x),t,A) is the probability that
belongs to the Borel subset-A of X, given that z2, =% and

the decisionprocess makes a
41 the cost c(v(x),t,y) is

=t, n > 0. In addition a non-

1
17£n = t, Furthermore 1f at time ln+1

asition to state y, then at time T,

arred-given that-z_ =-x and T __ ,-T
—n —n+1 —n

ative cost d(x) is incurred in the decisionprocess at time 1, n > 0,

nz = x, where d(x) = 0 for x ¢ 1. The function d(x), called the




sioncost function, is assumed to be-a-Baire function.

We see that the decisionprocess can be regarded as a superposition
he natural process and "the decisionmechanism ¥(.)". For initial
e x % I, the decisionprocess behaves exactly as the natural process
o0 the moment that a transition occurs to state of I, say state y. By
"Jecisionmechanism P(.)" the state is then changed into state ¥(y),
involves a cost d(y), and thereafter the decisionprocess behaves
tly as a natural process-with initial state ¥(y) until the next
nt that a transition occurs to a state of I. Note that by assump-

1 and (2.1) the return to I occurs with probability 1.

We -shall next define an imbedded process of the decisionprocess.
me from now on that on t = 0 the decisionprocess is in some state

tgihftate on the nth visit at the set I in the

. Denote by En
sionprocess (the Oth- visit is at time t = 0). The {;n} process has
state space. The following assumption is made about the {ln}

ess.

mption 2
The @En} process is a Markov process with a stochastic transition

tion p(.,.) (from I tol ) with the property that there exists

+1
obability measure q(.) on I, such that for every Borel subset A of

lds

n
D) lim %- ) p(k)(x,A) = q(A) for all x e I,

(k)

‘e the k-step transition function p
/

(x,A) is defined recursively by

p(x,A) for k = 1,
k
) P( )(x,A) =/
(k-1)

I p(Z,A)p (x,dg) for k > 2.

\

1. 2.1
Let ¢ and Hp» B = 1, 2, ... be probability measures on a :

ureable space (Q,F). Suppose




lim un(A) = u(A) for every A € F.

n->»

for any bounded measurable function f holds
limJ f(x)u_(ax) = J fx)u(ax).
n
n>o ‘Q Q

This lemma is probably very wellknown: A special case of this
18 -can be found in [10, p. 352]. The proof of the lemma is standard.
lemma is easily verified when f is a simple function. For an arbi-
v bounded measurable-function the-lemma is then proved by using the
. that every bounded measurable function is the limit of a uniformly

rergent sequence of -simple functions.
From (2:3) it follows that for every Borel subset A of I holds

1

(k)
n o P

1

Il o~

: n=1
() = L otn) + [ nten) 1 1 e,
k=1

xel;yn>a2.
;his relation, assumption 2 and lemma 2.1 we have that
+) q(A) = J p(£,A)q(dg) for every Borel subset A of I.
1 )

sover), it follows from assumption 2 and lemma 2.1 that for any

Ll-valued bounded Baire function f on I holds

n
D uml ] Bl =< = | (o
- nre k=0 I

for every x € I.

Given that the decisionprocess is in state x € I at time t = 0,
t(x) be the length of the time interval between t = O and the
= at which the decisionprocess makes the next transition to a state
I, and let k(x) be the cost incurred in the decisionprocess during

s time interval. We take this time interval left closed and right




with respect to the decisioncost d(.) and we take the

open and right closed with respect to the cost cleyes

mption 3
The functions K(x) = Ek(x) and T(x) = Et(x), x € I, a

e functions.

a 2.2
n
| ) E{Kﬁln)|lo=x} J K(n)q(dn)
lim k;o = L , x €1,
Y ER(T)|I,=x) J T(n)q(dn)
k=0 B 90 1
f
Since
1 B 1 B
= g Ele(z )1, =x} = < Z E{k(z )1, = =,
k=0 =0
1 B 1 B
" ZO E{t(1,)]1y = x} = ;kgo E{r(1,) 1, = =},

lemma follows immediately by applying relation (2.5).

For any x € I, let

=
3
1]

d(x) + k,(v(x))
t1(X) = to(w(x))-
mption U

JI ko(n)q(dn) < ® and JI to(n)q(dn) < w,




JI K(n)q(dn) JI {k (n)=ky(n)} q(dn)

j (n)q(dn)

1 [I (&, (n)-t(n)} alan).

k4

For any x € I, we have

w
3
i

K(X),+,J ko (£)p(x,46)

I

b (x) = T(x) +»JI £4(€)p(x,48).

| Fubini's theorem and (2.4) it follows that

J k. (x)q(dx) J K(x)q(dx) +J k. (£)q(ag)
7 ] 1 1 ©

jI r(x)alax) + JI £o(E)alas).

JI t1(x)q(dx)

; ends the proof.

mption 5

*
There exists a state x € I, such that

*

P(_;n = x for some n 3_1I;O =x) =1 for every x € I,
E(EJEO = x) < for every x € I,
re
. *
N = min(n|n > 1, I, =x).

Given that the decisionprocess is in state x ¢ I at time t = O,
Ec(x) be the length of the time interval between t = 0 and the
> at which the decisionprocess makes a transition to state x* for
first time (the epoch t = 0 is excluded), and let gc(x) be the

t incurred in the decisionprocess during this time interval. We




this time interval left closed and right open with respect to
decisioncost d(.) and left open and right closed with respect to

costfunction c(.y.y.).
mption 6
Egc(x) < @ gnd Egc(x) < ® for every x € I,

We note that the-return to state x* in the decisionprocess is a
istent recurrent event.

Let W, De the cumulative cost incurred in the decisionprocess

ng the time interval [0,t]. We take this interval left closed and
t open-with respect to the decisioncost d(.) and left open and

t closed with respect to the costfunction c(.,.,.).

rem 2.1

lim

=x) = %’ for every x € I,
t >

« = [ ximatan) = [ oe(n) - xp(n)? atan)
1 1
= [I 2(walan) = | e - toln)} alan).
£
Consider first the case iy = x". Let Vg =0 <y, <y, < ... be

. C . . . . *
increasing sequence of indices n for which I = x . The {gn}
ess is a renewal process. For any n > 0, let m = max{kl_\_)k < n}.
he elementary renewal-theorem we have [5, 16]
Em

. —n 1
) lim — = +— .,
n> n E-y-'l

. *
rve that E21 = ,E(EJEO = x ), and hence Ev, is finite and positive.
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[n, n > 1, be the length*of the time interval between the (n-1)th
the nth visit to state x in the decisionprocess (the Oth visit

t time t = 0). Observe that Y,, Y,, ... are mutually independent,
tive, identically distributed random variables with a finite
ctation. Let ﬁn’ n > 1, be the cost incurred in the decisionprocess
ng the time interval between the (n-1)th and the nth visit to state
Ne take this time interval left closed and right open with respect

he decisioncost d(.) and left open and right closed with respect to

costfunction c¢(.,.,.). Define Yo = 0 and for any t > 0, let
max{kllo + .00+ Yy < t}. By the elementary renewal theorem we
E
t Ey

£

1

e the costs are nonnegative, we have

By n,+1
1 1 ok 1o
) TE(D 8) <y EW L =x) <g ECT) 85), t>0
1=1 1=1
. . *) .
g Wald's identity , We obtaln
n, +1
1 2=t _1
) Bl .z 3;) =g Emy+1) B,
1=1
2 t
D(t) = E('Z 8;) and E(t) = J E(_6_1|1_1 =u) C(du), t > 0,

1=1 0

e C(u) is the distributionfunction of y,. Using a standard argument

. renewal theory, we have

Walds identity (see, for instance, [3,5]). Let {u }, n > 1, be a
equence of mutually independent, identically distributed random
ariables with a finite expectation, and let m be a positive integral-
‘alued random variable with a finite expectation. If the event
m = m} is independent of u «vey for every m > 1, then

m

E(f ) = Eu, Em.
k=1ER =1

+1° Zme2?




11
t

D(t) = E(t) + J D(t-u) C(du), t > 0.
0

ying a well known limit theorem from renewal theory L[5

oo &y

(2.7), (2.8), (2.9) and (2.10) it follows that
. E8,

.1 _ _
1) 11mEE(v_Jt|;0-x)--EY—.

t->oo —_

*
rve that E§1 = kc(x ) and E11 = tc(x ).

he same way it follows from

m m+
- & - = —
R ECL 8 <y (i=og_(;l)|10 x) <= (iz
m m +1
LE( T <1lE rzl 1. = x") < £
2 ECL v sg BOL 811y = %) <5 BC )
1=1 1=0 1=1
n ES;
.1 * —1
2) lim— E( ) k()1 =x") =5~
e B i=0 1, =0 521
n Ey
.1 Cox
3) Lim o E(_Z 1:_(_I_i)|10 =x) =¥
n>® 1=0 -1
. (2.11), (2.12) and (2.13) follows the relation *
n *
- E(izo k(L) |1=x")
llm'E E(E£|£O =x ) = lim = A
o TTE(Y £z 1)
j=0 — 1 0

his relation has also been noticed by ROSS [141].
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consider the case ;O = x, where x is an arbitrary state of I, Let
*

= E(Htllo = x ), then

1

t
, 1 1 .

e G(u) is the distributionfunction of _1_:_c(x). Using the fact that
is nonnegative and nondecreasing for t > 0, it is standard to
re that
t

lim %LJ W(t-u) G(du) = lim Wﬁt) .

T 0 t>e
e
15) lim-lE(W 1. = x) =1imlE(w |1 =x") x e L.

t =0 t =0 g
g oo

theorem follows now from (2.14), (2.15) and the lemmas 2.2 and 2.3.

ark 2.1 The Doeblin condition

From the theory of Markov processes [3] it follows that assumption

satisfied if the following conditions hold

ul

The {;n} process is a Markov process with a stochastic transition
function p(.,.) that satisfies the Doeblin condition, that is,

there is & (finite-valued) measure m on the Borel sets of I with
m(I) > 0, an integer v > 1, and a positive €, such that for every

x € I holds
p(v)(x,A) < 1-€ if m(A) < €.

The Markov process {lﬂ} has only one ergodic set.

We note that the Doeblin condition is always satisfied if T is

ite [31.

ark 2.2 I is denumerable

Consider the case that I is denumerable. Suppose that the {ln}
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sss 18 a Markov chain for which the state space I is a positive
(n)
1J
of the Markov chain {In}' Assumption 2 is now superfluous, since

rrent class. Let p , 1, € I, be the n-step transition probabili
any i,j € I the sequence {pi?)}, n > 1 has a Cesdrolimit independe
> S8y 435 and qu = 1 [2, pp. 32-33]. Furthermore, relation (2.5)
hence the lemmas 2.2 and 2.3 and theorem 2.1 remain valid when we
ace assumption 3 by the weaker assumption ZK(j)q_'j < o and )T(j)aq.

J
p. 89]. Finally, assumption 5 is automatically satisfied [2, p. 59

rk-2.3- I is finite

Consider the case that I is finite. Suppose the process {In} is a
ov chain with no disjoint closed sets. From the theory of finite
ov chains it then follows that the assumptions 2 and 5 are automa-

lly satisfied (see, for instance, [2] and [9]).

rk 2.4 The "flexibility" in c(x,t,y) and P(x,t,y) for x € I.

Using the fact that V(x) ¢ I for x € I, it is readily seen that
does not depend on the values of the function c(x,t,y) for x € I.
equently, the long-run average cost per unit of time for the
sionprocess is independent of c(x,t,y) for x € I. Furthermore, it
asy to see that p(.,.), K(x), T(x) and hence the long-run average
per unit of time for the decisionprocess are independent of

t,y), x € 1. This means that we may define c(x,t,y) and K(x,t,y)

x € I in as convenient a manner as possible, where, of course, the
mptions .1 and 4 have to be satisfied. This "flexibility" in

t,y) and K(x,t,y) may simplify the determination of the functions
)-kq(x) and t,(x)-t,(x).

*

rk 2.5 A relation between K(x) and kc(x ),_T(x) and tc(x*).

Clearly,we have

k (x) = K(x) + JI kc(E) p(x,dE) - p(x,{x*}) kc(x*), x eI,

g Fubini's theorem and (2.4), we obtain




1k

*

JI k (x)q(dx) = JI K(x)q(dx) + JI k (&)a(ag) - allx' h) K (x ),
hence
6) J K(x)q(ax) = a(lx' D) k(x),
I

rided that J kc(x)q(dx) < ®, In a similar way, we have
I

*

(x ),

C

I7) JI T(x)q(dx) = a({x M)t

rided thatJI tc(x)q(dx) < ». In order to prove that q({x*}) >0,
~ - . - * ~s = .
z, =1if I, =%, and let Z =0 if I =x . By (2.2) and (2.6),

18ve
* 1 o * * 2
a({x"}) = lim o ) P{I, = x l;o = x }= lim ) Ezy, =
n>eo k=1 n->o =1
= lim %-Egn = ————J———j:— R
n->0 E(N|I=x")

hence q({x*}) > O.

Using (2.11), (2.15), (2.16) and (2.17), it is readily seen that
orem 2.1 remains valid when we replace assumption 3 by the assump-
n that |K(x)q(dx) < » and |T(x)q(dx) < « and add to assumption 6

assumption ch(x)q(dx) < o and Jtc(x)q(dx) < o,

Preliminaries

Suppose that in the time interval (0,) customers arrive at a
re at times 1,, 15, ..., Where the interarrival times T, -T, .,
1, 2, aeey (10=0), are mutually independent, positive, identically

. . . . . . . =A .
tributed random variables with distribution function 1-e t, l.e.,
. customers arrive according to a Poisson process with rate A. Each
tomer demands for a single item. Let go = 0, and let §4, §Q, ... be
ually independent, nonnegative, integral-valued random variables
h the common probability distribution ¢(j) = P{_«f,__n =3}, (j 2 03n2>1),

| independent of the arrival process. The random variable gﬂ represents
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size of the demand of the nth customer. It is no restriction to

*)
ne that

rermore, it is assumed that
def <
any t > 0, let
n(t) = max{n|_f__lrl <t}
*ve that n(0) =-0 with probability one. The random variable n(t)

:sents the number of customers arriving during’(0,t]. We review the

>wing well known properties of the Poisson proces {n(t)}, t > 0,

The probability distribution of n(t) is given by

k
= A
Pln(t) = x} = 7 L8
In words, the random variable n(t) has a Poisson distribution

with expectation At.

The randem variable --%-has-the same exponential distri-

T
—n(t)+1
bution as the lk-lk-1' In words, given an arbitrary but fixed
point of time, the waiting time to the next arrival has the same
distribution as the times between successive arrivals, irrespectis

of the '"past'.

Define

6(3), J>13n=1,
o) (35) = 4

% ¢(n-1)(k)¢(j—k), jJ>1;n>2,
k=1

\

If ¢(0) > O, then the customers with a positive demand arrive’
:cording to a Poisson'process with rate A(1-¢(0)).
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ave for n > 1 that {¢(n)(j)}, j > 1, const
ribution of &4 + ... + & .

=n
Let
. n),.
(i) = 1 ¢™5),
n=1
renewal quantity m(j) can be computed from

) m(j) = ¢(3) + % ¢(j-k)m(k),
k=1

any k > 0, let
N(k) = max{n|gy + ... + & <k}

1 renewal theory it is known that [5,16]

re we adopt the convention Zz =0if a>b

any t > 0, let

x(t) = Eg * et By

have for t > 0 that v(t) is the cumulative
erval (0,t].
any t > 0, let

e (t) = Ply(t) = kl,

arly, we have for any t > O that

a (t) = Pln(t) = 0} = e Mt

robabi

he tim
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k
o, (t) = 321 Pla(t) = j, & + ... + & = k) =
k i
= E e—xt(_x__;_z_‘_]_q)(o])(k), k=1, 2,
j=1 )

s well known that [L4]

= var(g, ) exists, then [L4]

2 2
var(v(t)) = var(g,) En(t) + var(n(t)) (Eg )" = Atu®.
ote that if At >> 1, then [6]
2
~ 1 -(k=Aut
a.k(t) = /—-—-é_ EXP[J—_U-_;—], k = 0, 1,
vomat (n+u<) 21t (n+u“°)
any k > 1, let
By T In(k-1)+1
T T E0 e T Ey(eon)er
ords, %, is the length of the time interval from t = 0 the
h on which the cumulative demand exceeds k-1 for the f ime,
v, is the cumulative demand in this time interval.
Using Wald's identity, we obtain
) Et, = Ex, . E(N(k-1) + 1} == (1 + y m(3)), 1
J=1
k-1
) Ev, = Eg, . E{N(k-1) + 1} = u(1 + Y m(3)), 14
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) Yk(n)=P{V =n},‘ n=Xk, k+ 1, ecou s

eneval theory v, - k+1 is called the excess random variable.

g a standard argument from renewal theory, we have

o k-1
) v () = P{E; = n} + 1 1 P{_g_1+...+_g_j=h,§j+1=n—h}=
: : J=1 h=1
© k.—"l (.)
=¢(n)+ I ] ¢7°(n) ¢(n-n) =
j=1 h=1
k-1
= ¢(n) + ) ¢(n-h) m(h), n>k; k21,
h=1
the 1-function be defined by
1 for x > 0
1(x) =
0 for x < 0.
wrly, we have
") El(t-gk) = Plg, <t} = P{v(t) > k} =
k-1
=1- ) a.(t), k> 1; t > 0.
j=0

se the arrival process is "memoryless" and independent of the
ands of the customers, we have by the theorem of total expectation
t

8) E{(t,-t) (ty-t)} = ] as(t) By ;o k2152 0.

m this relation and the identity
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E(ty-t) = E{(gy=t) 1(g-t)} + EQ(g,~t) 1(t-t,)}

=X

ollows that
k-1
) EC(t-t, ) v(t-t, )} = jzo aj(t) Ep_k_j - Et_+t,

k>1;t>0.

Finally; we give -special attention to the case that §n has s

etric distribution. Suppose

8(3) = p(1-p)3~", ;

|V
-
-

e 0 <-p < 1. It is known that [L4]

Qg |—

. j=1 -n .
J)‘=(i_1)pn(1—p)‘]- R j>n3;n> 1.

¢(n)(

hermore, we have the known results

1) m(j)=Ps J

|v
—_

)n—k

n
~

v (n) = p(1-p)" 7, n>k; k> 1.

ote that (3.11) can easily be verified from (3.1) by induction.
relation (3.12) follows from (3.6) and (3.11).

(3.3), (3.4), (3.10) and (3.11) it follows that

3) Egk = % (1-p+kp) k> 1,
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< 1, then the probabilities ak(t) are given by

=\t
e

ao(t)

2 k=1
-2t (1-p) 1 -Atp
a,k(t) )\tp e K Lk_.] ( 1"P)’ k z 1,
1

e L; is the Laguerre polynomial [1, p. 188]. The function Ly is

lcitly given by

m
L = 1 GI SR k20,

L; satisfies the recurrence relation

1

1
(k+1)-L e

] (x) =0, k > 1.

(x) - (2k+2-x) Lll(x) + (k+1) L

o = 1, then the probabilities a (t) are clearly given by
» 8y

2t (8)E
k!

15) ak(t) = e

We close this section by giving some properties of the Poisson
tribution. Let p(js;a) and P(j;a) be defined by
-0 o

16) p(jsa) = e 3T 3= 0, Ty eees

I plks0), J=0, 1, veus
17) P(jsa) =4 °
1, o= -1, -2, e,
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e 0 is a nonnegative number. The following properties of the

o) and P(j;@) will be used in the sequel.

r o]

8) Z (:r-j) ‘P(j;o‘) =r -o+ z (j-r) P(j;a)9 r 10:
j=0 : J=r

9) 1 (-r) p(sa) =} P(jsa), r >0,
j:r j=r+1

0) ) P(j3a) = aP(r-1;0) + (1-r) P(r;a), r > 0.
j=r

e properties together with a large number of other ones can be

d in [81].

An (s,S) policy for a continuous time inventory model with lost sales

Introduction

Suppose that in the time interval (0,®) customers arrive at a
e at times T,, T,, ..., where = 2, e (IO=O), are
ally independent, positive, identically distributed random varia-
with the distributionfunction 1-e_xt. Each customer demands for
ngle item. The demand of the customer: arriving at time I is a
tive, integral-valued random variable gn. Assume that gq, gQ, .
mutually independent random variables w%th the common geometric
ability distribution P{§_n = jl = p(1-p)‘]-‘l (j > 13n > 1), where

p < 1, and independent of the arrival process. Demand exceeding
available stock is lost. The ordering policy followed is an (s,S)
cy of the following type. When no order is outstanding and the
'k on hand i falls below s, then an order of S-i units is placed;
rwise, no ordering is done. The numbers s and S are given integers
1's > 1 and S-s+1-> s. Note that for this policy never more than
order-is outstanding. The lead time of an order is a constant

0. The costs involved are ordering costs, inventory costs and lost
s costs. The ordering costs of k units are given by h(k), where

> 0. The costs of carrying a unit in inventory are directly pro-

ional to the length of time for which the unit remains in inventory.
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nonnegative constant of proportionality is-c,. The cost of each
sale is a nonnegative -constant c,, vhere we assume C, = 0 if
0.

In section 4.2 we shall derive a formula for the long-run average
.cted cost per unit of time for the (s,S) policy. This formula is
.-known-for the case p = 1 [8]. Special attention will be given
his case. Furthermore, we shall consider the following variant of
(s,8) policy: When no order is outstanding and the stock on hand
s below s > 1, order then Q > s units; otherwise, do not order.

Jote that this policy coincides with the (s,S) policy if p = 1.

The ‘long-run average expected cost per unit of time

First we define a natural process. Let
X = {(i,k,u)|i,k integers and u real; i<S, S-s+1<k<S, 0<u<T} v
u{i|i integer, i<S!.

the times 10 =0, 14, Ips oo the natural process is observed and

ssified into some state of X. For any integer i, let

i = max(i,0) and i~ = - min(i,0).

n the natural process is in state (i,k,u) at time I then given

. . A i
Ie1 ~in ; t and £ ,, = J the next state is (i"=j k,u*t) if
t.<Tand i - j if u + t-> T. When the natural process is in

t

te 1 at time o then given that I, I, = t and §n+1 = J the next

.ot . *1

te1s 1 -_J.
From this definition of the natural process it will be clear

t the state is measured just after a demand has occured. The state
k,u) corresponds to the situation that the stock on hand is i+, an
er of k units is outstanding since t units of time and that the
land just occured involves i~ lost sales. The state 1 corresponds
the situation that the stock on hand is i* and that the demand just

urred involves i lost sales.
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The costfunction c(x,t,y) is defined as follows for the possible
inations of x, t, y.
4

.+ o= . oL . -
c.ti +c2(l'-J) for x=i, t>0,,y=1+—3, where j > 1, .

1
. .+ .

and for x = (i,k,u), t<T-u, y=(i -j;k,u+t), where j >

t,y) =4

e b1, (urt-T)kre, (17 +k-3)”

1

. I .
for x=(i,k,u), t>T-u, y=i +k-j, where j > 1.

\

ords, for any unit kept in stock for a time t during the time

—n+ 1
for any lost sale occuring at time I there are incurred costs

rval (t_,T_,.] there are incurred inventory costs c,t at time I
—n’—n+1 1

+1

t time 1n+1'

The natural process is now completely described. Clearly, assump-

1 1 1is satisfied for the choice
Ay = {i]i < o).
"decisionset" I is defined by
I ={i]i < s-1}.

rve that I 2 A, since s > 1. The "decisionmechanism" ¥(i), i e I,

the decisioncost function d(i), i € I, are defined by

(i,8-i,0) if i > 1,
V(i) =

(03830) if i < 0,

h(s-1i) if i > 1,
a(i) =

h(s) if i < o.
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We note that the so defined decisionprocess describes adequately
evolution in the (s,8) inventory model.

It is easy to see (c.f. section 3)

1
c, 521 EEU + e, E(gﬁ—i), i>1,
ky(i) =
0 1<0,
* it it -j+k
ko((i,k,u)) =c, ) Et. + c, ) a.(T-u) +% Et,
j=1 j=0 9 h=it-j+1

o k ©
+ e, .Z . aj(T-u) Z Egh *+ e, z-+ (-1 )aj(T-
J=1 =1 J=1
+
1 =1 +
+ey | oal(Tou) By,  -i+j-k) +
J=0 i =j+k
+ ¢, .z_+ aj(T-u) E(zk-k)
J=1
Et., i>1,
t(1) =
0, i<o0,
.+
1 =1 ot
to((l,k,u)) = T-u + .Z aj(T—u) E£.+ o+ .Z.+ a.j('I'v--u)EE_k
J=0 1 -J+k J=1

1g (3.2), (3.13) and (3.14), we obtain after some straightforward

:ulations




=
g
[}
[
—~~
[—l
N
+
o
(@]
—~
Py
e
-
n
]
e
-
o
~—r
-
|
b

0
4
= h(S-i) + . {(s-1)(1-p) +
i-1
+(5-1) p ] (i-j)az(T)} +
j=
for
i) = n(s) + k,((0,8,0)) =
4
= n(8) + 37— {s(1-p) + %- s(
i-1
1) =T+2 ] (5-§)ay(1) + %
J=0
for
i) =T + %-(1-p+pS) for

rkov chain {ln}' For any i,j €

)= jlz, = il

have for any i,j € I that

(s-n-§) + 1 , &

(T)
h h=1

Ys-h-s+1

W(Mp(1-0)%717 ] e (1)
h=1

)s—1-j

a.(

e~ 8

A

S'].
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Since the probabilities pij do not depend on i the state space I
he Markov chain {;n} is a positive recurrent class, and hence the
ptions 2 and 5 are satisfied (c.f remark 2.2 in section 2). More-
, the stationary probability distribution {qj}, j e I, of the Mar-
chain~{;ﬁ} is given by

s-1_J, J < s.

. = 1-=

a3 p(1-p)
It is easy to see that the assumptions 3, 4 and 6 are satisfied.

e for each initial state the long-run average expected cost per

of time for the (s,S) policy is given by

s=1 ' )
/ jz_m'qj{k1(3)_ko(J)}
L oayleg(3)-24(3))

J
s=1

p(1-p)% "™ (ke (3)-k, (3) 1+(1-p)° 7 1k, (0) -k (0))

Hesi

_ J=1
s=1

Il o~

L p(1-p)%7 17906, ()6, (3)1+(1-p)°7 {8, (0)=24 (0)}
e k1(j) - ko(j) and t1(j) - to(j) are given by (4.1) and (L4.2).

Now consider the special case

p=1,

', each customer demands one unit. The (s,S) policy now becomes
familiar (r,Q) policy, where r = s-1 and Q = S-s+1, that is, when
yrder is outstanding and the stock on hand reaches the reorder
21 r, order then Q units; otherwise, do not order.

Using (3.15), (3.16), (3.18) and the fact that Q. =1, we find
sr some straighforward caleculations that the long-run average

:cted cost per unit of time for the (r,Q) policy is given by
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[+:]

+c2)_2 (j=r)p(JsaT)
j=r

) c.Q
- h(Q)+ —%* {r-AT+ ggl}+(—l—

A

(j-r)p(jsAT)
r

Q. 1
Y

[ I

J

well known [8].

. * * e .
integers-r > 1 and Q* > r +1 minimize a(r,Q), where
. * *
,1) and r, Q integers. Assume a(r ,Q ) < Aeye In
. * % . .
ions we will have that a(r ,Q ) < Ace, since Ace is
rage cost per unit of time for the policy which pre-

no stock. We have the necessary conditions
* * * * * * *
1, ) > a(r ,Q ) and a(r ,Q 1) > a(r ,Q ).

. (3.20), we find after some straighforward calculations

e written as [12]

*
le

*
< P(r ;KT),

13AT) < - <
-a(r ’Q*)

A
4@ +Ae,

r—1)+c1Q*i§(r*,Q*)-c1{r*-AT+ATP(r*;AT)-r*P(r*+1;AT)} <
< 2n(@%+1)-an(Q")+e, (@7+1).

'y we notethat the formula for a(r,Q) can be written

} +

[Kh(Q)+c1Q{r—AT+ Q%l

o|-

(o]

+ {c1Q+Kc2-a(r,Q)} .Z (j=r)p(js;rT) 1.
J=r
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n(Q) = hQ+K, o Q2>1,

., . * * * *
from (4.5) and the necessary conditions-a(r ,Q *1) > a(r ,Q)

btain after some straightforward calculations [12]

=) c

1 *x % . * . 1
———— [AK+{Ac,-a(r ,Q )} z (3=r")p(J;32T) ] < hd

Q" (e"+1) ° jer* °

1 [AK+{Ac2—a(r*,Q*)}'Z LG-rM)p(35T) T,

| A

Q*(Q"-1) j=r
hence
Q¥ ;=\/.§%§ +-§— {Ac2-a(r*aQ*)} l . (§=r")p(33AT)
1 1 j=r
ark 4.2

Consider the following variant of the (s,S) policy. When no order
>utstanding and the stock on hand falls below s, orden then Q units;
sywise, do not order. The numbers s and Q are given integers with
s > 1. In the same way as (4.3) has been derived, we find that the

z-run average expected cost per unit of time for this (s,Q) policy

ziven by
so1 s-1-3 s-1
7 p(1-p) k(j)+(1-p)°" k(0)
_g=1
&7 s g=1-3 s-1 i
5 op(1-p)%7 7 £(3)+(1-p)°7" £(0)
J=1
re
k(j)=h(Q)+ —;—-(1-p)+ Ty Q(Q+1)+ (j-h)a, (T) +
=0

(o]

rep L (edaym e (ZB)(1-8(3)), 0 < § < s
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J=1
0(3) =1+ SR+ Ry § L ey - T (1-p+ip)8(j)

for 0 < j < s,

e §(0)

0 and 6(j) =1 for j > 1.

An (s,S) policy for a continuous time inventory model with back-

loggin

Introduction

Suppose that in the time interval (0,®) customers arrive at a

e ab times 1., 1,, ..., where Troon=1, 2, ... (10=O) are
ally independent, positive, identically distributed random varia-
with the distributionfunction 1_e—Xx. Each customer demands for
ngle item. The demand of the customer arriving at time LN is a
tive, integral-valued random variable & - Assume E,, £, ... are
ally independent random variables with the common probability
ribution ¢(J) = P{En = j}, (j 2 13n > 1), and independent of the

val process. Suppose

56(3) < =

=
1}
He—8

Jj=1

ss demand is backlogged. Hence the stock on hand may take on

tive values. The ordering policy followed is an (s,S) policy of
following type. When the stock on hand plus on order i falls below
hen S-i units are ordered; otherwise, no ordering is done. The

ers s and S are given integers with S > s > 1. The lead time of an
r is a constant T > O.

The costs involved are ordering costs, inventory costs and back-

r costs. The cost of ordering k units is K§(k) + ck, where K > O,

0, 6(0) = 0 and 6(k) = 1 for k > 1. It is no restriction to assume
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c=0 *). The costs of carrying a unit in inventory are directly
ortional to the length of time for which the unit remains in in-
ory. The constant of proportionality is <, > 0. For each unit
ordered there is a fixed cost ¢ > 0 plus a nonnegative, variable

c.t which depends on the length of time t for which the backorder

ts? Each unit backordered is delivered subsequently on the moment
stock becomes available. Observe that since s > 1, the backorder
s of a unit backordered never exceed c2+c3T. We assume c, = cq =0
= 0.
In the next section we shall determine a formula for the long-run
age expected-cost per unit of time for the (s,S) policy. This for-
. is well known [8] for the case that ¢(1) = 1, i.e., each customer

nds one unit.

The long-run average expected cost per unit of time

First we define a natural process. Let

m=0
re
X, = {ili integer, i < S},
Xy = LEsipsugseeoipuy)[3d,,. 0000 dntegers; ug,...ou, reals;

1. 50001l >1, 1+i +...+1_<S, T>u
1°? m— m

>u.>...>u >0}
1 m—

1 72

form=1, 2, .¢.

Since all demand is satisfied ultimately in the (s,S) inventory
process, we have that the long-run average expected linear purchase
costs per unit of time are equal to cAu.
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he times 5= 0, Tio Ips eee the natural process is observed and
sified into some state x € X. When the natural process is in state

time 1n’ then given that In+1

-j. When the natural process is in state (i,i1,u1,...,im,um) at

w1 T t and & +1 = J the next state 1is
+t,..0,1 ,u +t)-if t < T-u
m’ m

I, = t and §n+1 = J the next state

T then - given thaiizn
2ty 1°
1+...+ih—j,ih+1,uh+1+t,...,im,um+t) if T-u, 2t <T-w, .

1, vvoy m=1, and i+i1+ ces + im—j if t 1T-um.

We note that the state of the natural process is measured just
r a demand has occurred. The state i corresponds to the situation
the stock on hand is i and no orders are outstanding. The state
1,u1,...,im,um) corresponds to the situation that the stock on

is i and m orders are outstanding simultaneously, where the hth
r has size ih and is outstanding since uy units of time, :

1, +.., m. Furthermore, we note that in the natural process no
rs are placed, but orders already outstanding in the initial state
he natural process are delivered in the course of the natural

ess.

We shall define the cost function c(x,t,y) verbally. For any unit
in stock for some time t during the time interval (ln’£n+1] in
natural process, there are incurred inventory costs c1t at time

. When in the natural process at time T a backorder arises,

—n+1
. for the unit backordered there are incurred at time T+ back-
r costs c.+c.t if the unit backordered will be satisfied by a

2 73
re delivery in the natural process, which arrives t units of time

e and backorder costs c2+c3T if the unit backordered is not
sfied in the natural process by a future delivery. By this
ription the function c(x,t,y) is defined unambiguously. However
mit the formula for c(x,t,y), since this formula is rather compre-
ive and is not explicitly needed in the sequel.

For x € X, let

e(x) = 4

i+i1+.-.+i ifx=(i,i1:,.u1,--§,im,u )'
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Assumption 1 is clearly satisfied for the choice
A, = {x]|e(x) < 0}.
decisionset I is defined by

I = {x|e(x) < s-1}.

erve that I 3_AO, since s > 1. The decisionmechanism ¥

the decisioncost function d(x), x € I, are defined by

]
He

(i,8-1,0) if x

¥(x)

1}
—~

(i,i1,u1,...,im,pm,S-e(x),O) if x

a(x) = K.

. so defined decisionprocess adequately describes the (

cess.
It is easy to see that in the decisionprocess the ti

cessive visits to the set I are mutually independent,

mtically distributed random variables with the same di

:» random variable o geqt

We shall now prove that the process {In} satisfies t

wnd 5. Let

1 let

= 8-i, t > T}, i< s,

2arly,

L.],uo',

.nventc
rtween
.ve,

ition ¢

sumptic
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hall now show that the stochastic transitionfunction p(.,.) of the

oV process {;ﬂ} satisfies the Doeblin condition. Clearly, we have

) p(x,{il}) = Py for all x € I; 1 < s.

ne for any Borel subset A of I

rly, m is a finite-valued measure on the Borel sets of I with

p > 0. Let

=L
eE=3.
A be a Borel subset of I, such that
m(A) < e,

-1t follows from

p(x,A) <1 - ) p. < 1-€.

e the stochastic transition function p(.,.) satisfies the Doeblin

ition (see remark 2.1). Further, it follows from (5.1) and the
that Py > 0 for at least one i < s that the Markov process has

- one ergodic set. Hence assumption 2 is satisfied. Moreover, it

ows from (5.1) that the assumption 5 is satisfied. We can take

x* any state i < s with p; > 03 if x = i, where p; > 0, then for
initial state x € I the random variable N has a geometric probabi-

- distribution with expectation 1/pi.
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We have already noted that in the decisionprocess the times be-
en successive visits to the set I are mutually independent random
isbles with the same-distribution as t . ., and hence for any
T tthe random variable t(x) is distributed as t, _, ,. Hence the

umerator B-of the criterien is given by (c.f. theorem 2.1)
2) B =Et

Next we shall determine k1(x)—ko(x), x € I, We shall see that the
ction k1(x)—ko(x)-depends~only on e(x). Some reflection shows that
k1(x)'and'ko(x) the same term appears-for the expected inventory
ts for the e(x) units which represent state x. Further, we have
t in k1(x) and ko(x) the same term appears for the expected back-
er costs for the e(x) units which represent x. When e(x) > 1, then

expected backorder costs

3) '(C2+C3T) E( ( )—e(x))

v
—e(x

ear in ko(x)-but not in k1(x). In k1(x) there appears the term
S

L) c ) E{(t,~T) (g, ~T)}

k=max(e(x),0)+1

* the expected inventory costs for the S-e(x) units of the order

wced in state x and further, there-appears in k1(x) the term
| )
5) E{(c ten(T-t, ) (T-t, )}
k=max(e(x),0)+1 23 k k

* the expected backorder -costs for the S-e(x) units of the order

wced in state x. Furthermore, the expected backorder costs
6) -(c2+c3T) E(XS'S)

>ear in k1(x)~butrnot in ko(x).
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s now readily seen that

K+(5.4)+(5.5)+(5.6)-(5.3) if e(x)

|V

K (x) -k, (%) =
K+(5.4)+(5.5)+(5.6) if e(x)

| A

g (3.7), (3.8) and (3.9), we obtain after some straigh

ulations
| ey T

) k,(x)-k.(x) = K + (c *tey Y 8 .
1 0 LIPS M oy

k-1
+ og(T-Bty) + cp(1 - ] a;(T))

J=0
+ (e +c3T)(Ev -Ev. —S+1) if

) -

D) k1(x)-ko(x) =K + 21 [(c1+c3) jZo aj(T)EEk_j +

JZO a3 (13 + (epre )
if

s readily -seen that.the assumptions 3, 4 and 6 are sat

For any jJ < s, let
Aj = {x|x € I, e(x) = j}.
wrly, we have for any n > 1 that

P{I eAJ|l_'m_1=x} P{e(_I_n)=J|;n_1=x}=

L[}

YS_S+1(S—J) for all x

wrd




36

ce

n
q(ﬁ.) = lim % z P{_I__k € Kj|20 = x}, xel; j<s,
J n>e =1
follows that
) 3. = (8-3) j <
9 q j = YS-S+1 =J/s J S.

It follows now from theorem 2.1, (5.2) and (5.9) that the long-
. average expected cost per unit of time for the (s,S) policy equals

10) =[] k() -k (i)} vg__,,(8-D)7,

g:
EES—s+1 i<s 0
re k1(i)—ko(i) is given by (5.7) and (5.8).

Consider now the special case

o(1) =1,

.., each customer demands one unit. The (s,S) policy now becomes
, familiar (r,Q) policy, where r = s-1 and Q = S-s+1, i.e., when
:» stock on hand plus on order reaches the recorder level r, order
:n Q units; otherwise, do not order. We now have (c.f. (3.13),

14), (3.15) and (3.16))

% and v, =k, k > 1,

Yo_geq(8-8) = 15 8, (T) = p(k;AT), k > O3 Bty =
;er some straightforward calculations it follows from (5.7), (5.8)
I (5.10) that the long-run average expected cost per unit of time '

» the (r,Q) policy is given by

(c.+c,) r+Q k
ar,@) = 25+ 12 17 T (6-9p(35AD) + o (hr-r- iy
k=r+1 j=0
Acg r+Q
+ —= ) P(k;A\T).
Q k=r+1
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8) we can write a(r,Q) in the equivalent form

A c.,+c @
) = S+ oy(rane LD+ (152 11 e
i=1 j=r+i+i
Ac
+ —Qﬁ % P(r+i;AT).

i=1

la can also be found in [81.

* *
se the integers r > 1 and @ > 2 minimize a(r,Q

.1 and r, Q integers. We then have
* * * * * * * *
a(r +1, ) > a(r ,Q ) and a(r ,Q *1) > a(r ,Q )

1), we find after some straightforward calculati
conditions (5.12) can be written as [12]

‘] il * >\02 : *

- % P(r +i+1;AT) + * % p(r +i;AT)
Q i=1 (c1+c3)Q i=1

* A *
c
1 * . 2 * .
= % P(r +i;AT) + — -§ p(r +i-1

Q i=1 ' (ci+eg)Q i=1
(c,*c,) * Ac
* E + *1 *3 % iP(r*+i+1;AT) +——F
Q (Q+1) AQ (Q +1) i=1 Q +1
A A .
c c
"fI"'Ig“’ ? P(r +i;0T) < = <
. — 2 —
Q (Q +1) i=1
K (egreg) Q1 ‘oo
* * + * * 2 1P(r +i+1 ;)\T) + -—*- P
Q (Q-1) 2 (Q=-1) i=1 Q
*
Ae, Q -1
- —;:—:f%- ) P(r +i;AT).

Q (Q-1) i=1




From the latter inequalities it follows that

* ~ [ 2AK 2\ * k
Q —\[——+-—R(r Q)
€1 %

re

: c,+c
R(r*,Q*) = ( 3) % iP(r*+i+1;AT) +

*
+ XCE{Q*P(r*+Q*+1;AT) - % P(r*+i;xT)}.
1=1

* % .
erve that R(r ,Q ) is nonnegative, since P(k;AT) is nonincreasing

k.

Ag_(r1,Q1,r2,Q2) joint ordering policy for a two-item continuous

time inventory model with backlogging

Suppose that in the time interval (0,®) customers arrive at a
re at times T,, Ty, +vs, Where T =T ., n = 1y 2y ous (IO=O> are
ually independent, positive, identically distributed random varia-
s with the distribution function T-efxt. Each customer demands
her for item 1 or for item 2. The demands of the customers are
;ually independent, identically distributed random variables and
lependent of the arrival process. The probability that a customer
1ands one unit of item J iS'pj, j =1, 2, where p,+P, = 1. Denote
T the time at which the nth demand for item i occurs, j = 1, 2.
is known from the theory of Poisson processes that for fixed
= 1, 2 the random variables TinLypm1? BT 1, 2, +.s (Ij0=o) are
sually independent, positive random variables with the common
stribution function 1_g—Apjt‘ Moreover, the sequences
1nﬁ11’n_1}, n>1, and {iQn—lQ,n—1}’ n > 1, are mutually independent.

Excess demand is backlogged. The ordering policy followed is a
1,Q1,r2,Q2) policy of the following type. When the stock on hand
as on order of item 1 and item 2 fall to i1 and"i2 respectively, and
ther i1 =r,or i2 =r,, order then simultaneously r1+Q1—i1 units

item 1 and r2+Q2—i2 units of item 2; otherwise, do not order. The
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ers rj and Qj are given integers with r. > 0, Q. > 1, j =1, 2.

lead time of an order is a constant T 3?0. ’
The costs involved are ordering costs, inventory costs and back-
r costs. The cost of ordering simultaneously k1 units of item 1

k, units of item 2 are given by c.k +c2k2+K6(k1,k2), where

11
K > 0 and 6(k1,k is a given function with O 3_6(k1,k2) < 1.

2
2> 2)
s no restriction to assume that ¢, =c, = 0. (the linear purchase
c. contributesfcjkpj to the long-run average cost). The costs of
ying a unit of item-j-in inventory are directly proportional to
length of time for which the unit remains in inventory. The non-
tive constant of proportionality is Csqs J =1, 2. For each back-
r of item J there is a fixed, nonnegative cost cj2 plus a variable
egative cost cj3t which depends on the length of time t for which
backorder exists, where cj2 = cJ.3 =0ifT=0, J =1, 2. Note

any backorder in the inventory process is satisfied by an order
h is-already outstanding on the moment the backorder arises,

use r,, I, > 0 and each customer demands one unit.

In the next section we-shall derive a formula for the long-run

age -expected cost per-unit of time for the (r1,Q1,r2,Q2) policy.

The -long-run -average expected cost per unit of time

First we define a natural process. Let

X, = {(11,12)|11,12 integers, i, < r, + Q, i, <1, + Q2}

X, = {((11’12)’(111’121)’ul""’(11m’l2m)’um)|11’12’ljh integers,

>1 for j=1,2 and h=1,...,m; i.+i. +...+1. <r.+Q

1. +1 .
11n" ton= J 3 m=3

for j=1,2; u,~reals for h=1,...,m; T>u ...>um20}

1

form=1, 2, ...




L0

the times IO =0, Eq’<12’ ... the natural process is observed and

ssified into some state of X. When the natural process is in state

+1iln = t and at time ln+1 the de-

d for item j is kj’ j =1, 2, the next state is (i1—k1,i2-k2),

,i2) at time T , then given that T

re k1, k2 are 0 or 1 and k.|+k2 = 1. When the natural process is in

te ((11’12)’(111’121)’u1""’(l1m’12m)’um) at time T , then given

t En+]fln = t and at time £n+1 the demand for item j is k., J = 1, 2,
. C s . . (i . )

next state is ((11 L k2),(1”,121),u1 t, ’(l1m’12m S t) if

~C

_ I H ki e - . -

Towy, ((Eg4dpreeotl ok uipkp b iy 28000 (B 4 Bp g )

1m ),umft)) if T-u <t < T-w s b =1, .oos m-1, and
k., i+l +...H - i -u_.

m St g oy hp) 1Tt 2 T-uy

The interpretation of the state is analogous to the interpretation

1+t,...,(i ,i2m

i t... 1
19 *

the state defined in section 5. v

We shall define again the cost function c(x,t,y) verbally. For any
t of item j kept in stock for some t during the time interval
L*ln+1] there are incurred inventory costs cj1t at time ln+1’ jg=1, 2.
mn in the natural process at time T4 @ backorder of item J arises,
.n for the backorder there are incurred at time T+ backorder costs
2+cj3t if the backorder will be satisfied in the natural process by
“uture delivery which arrives t units of time hence, and backorder
ts zero if the backorder is not satisfied in the natural process by
~yture delivery, j = 1, 2. We note that from the definition of I it
.1 appear that if in thé natural process at time T @ backorder
'ses which cannot be satisfied by a future delivery, then the state
time I belongs to I. Hence we may define in the natural process
> backorder costs zero for a backorder which cannot be satisfied by
Future -delivery (c.f. remark 2.k4).

For any state x € X, let
e(x) = (e (x),e,(x)),

ere for J =1, 2,




b1
i. if x=(11,12)

1j+lj1+"'+ljm if x=((11,12),(111,121),u1,...,(11m,12m),um)

Assumption 1 1s clearly satisfied for the choice
A = {x|ej(x) <0 for j =1, 2}.

"decisionset" I is defined by

}.

I = {x|e1(x) <r,or ez(x) < r,

rve that I 2 A,. The decisionmechanism ¥(x), x € I, and the

sioncost function d(x), x € I, are defined by

(r1+Q1—11’r2+Q2—12) 1f x = (11,12)’

((11 :i2) s(i1 1 3i21)3u1 300 a(i—]mai2m)3um’(r-]+Q1"e.l(x):r2+Q2_32(x) ) 30)

if x = ((11,12),(111,121),u1,...,(

11m’12m)]’}lm)’

a(x) = Ké(r1+Q1—e1(x),r2+Q2—e2(x)).

In the same way as in section 5 it can be verified that the

mptions 2 and 5 are satisfied. Clearly, we have for every x € I
n > 0 that

) Ple(I,,) = (rp#k,r)|L = x} =p,, k=1, ..., Qp,
) P{e(_I_nH)=(r1,r2+k)|;n=x}=p2k,k= 1, ces Qs




Q1+Q2—k—1 QT_k Q2
3) P = P, P, s, k=1, ...
Q2-1
Q1+Q2_k_1 Q1 Q2_k
'4) p2k = P1 p2 2 k = 1’ b
Q-1

erve that
1 2
% P ¥ % Py = 1.
k=1 1k k=1 2k
It is easy to see that in the decisionprocess the ti tween
cessive visits to the set I are mutually independent, cally
tributed random variables. For any x € I, the random v e t(x)
the same distribution as T , where m is a random vari hich 1
ependent of ln_lﬁ-1’ n = 1,_2, ..., and has the probab distri
ion
= = = mi +Q -

= 0 for k < 0. Since

re we define p1k = Poy
Q. +Q,-1
1 v 2
E = E .E = — +

k=min(Q1aQ2)

have (c.f. theorem 2.1)

Q 9,
5) B= ) (Q+Qyk) pyy *+ 1 (Q#QyK) Dy
k=1 k=1
is readily seen that k1(x)—k0(x), x € I, depends only t) and

given by (c.f. section 5)




r.+k)

L(r.,+k
e indi

n (3.8

+c (
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r1,r2+k)

r.+k,r

5)

1 3Q2_k-) + c

r,+1

and 2 in the
9): (30]5)3

if e(x)

if e(x)

Tﬁlei)) 1 (T-

for k = 1,

obtained fr
-hand member
» (3.19) and

P(h;Aij), m
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It is readily seen that the assumptions 3, 4 and 6 are satisfied.
n (6.1), (6.2), (6.5), (6.6) and theorem 2.1 it follows now that the
s-run average -expected cost per unit of time for the (r1,Q1,r2,Q2)

icy is given by

1 %1 %2
8) g=73 {k=1 L(r1+k,r2)p1k + L L(r1,r2+k)p2k}.

erve that the right-hand member of (6.8) reduces to the right-hand
ber of (5.11), vhen we take p, = 1, c,q =y, €5 = Cpy Cp3 = Cgs
=c¢,, = C,, =0 and 6(k1,k2) = 1.

22 23
Consider now the symmetric case

= C

3

1
Ty =T, Q5 = Qs Py T 5s Cjq T Cqs C5p T Cp0 C53
for j =1, 2,
suppose

6(k-1 ’kz) =

Py = PqytPok>

2Q-k-1 2Q-k-1
1
9) Py = @) R k=1, «v., Q.
A Q-1
; N be a fixed nonnegative integer, and let
3 2N-r -2N+r
u, = >2 , r=0, 1, «o., N.

N

s+ following identities are well known[13, p. 31]




. — 3 =20
r(r 1)ur N-20,
t the probabilities u, appear in Banach's

dentities (6.10) and (6.11), we obtain aft

calculations

(29 =2

=2Q Q

,pk

(k+1)p, = 2Q.

2Q 2Qy ,-2Q
% (2Q-k)p, = = (1-(77) 2°77).
-y kA Q

.13) and (6.14) we obtain after some strai

the formula (6.8) can be simplified to

2c.Q
A 2Q, =2Q-1 1 AL QF1
) C1-( Q)z 1 [k+ e (r- 5 T+ 5 ) +
2(c. +c,) Q o Q
-——4%r;i- ) ) P(J;%T) + ¢, ) Pz
i=1 j=r+i+1 i=1

A Q
2(cqtes) Q r+Q ® N
—L 3 Voo, 11 RGam o+
=1 i=r+k+1 j=i+1
Q r+Q A
) z Y z P(i;ETﬂ

oxX

ward
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n we take r = 0 and T = 0, this formula reduces to the
mula [15]

= (2K _2Qy,-2Q

Finally, we consider another special case of (6.8). ¢

r, =r,=T=0, and 8(k1,k = 1.

2)

er some -straightforward calculations we find that form

plifies to
2 C:y Q.
A+ Y =L {Q.(Q.+1)- JY k(k+1)p. )
Lo2ps g Z Jk
- Jj=1 "3 k=1
g = 2

%
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